ABSTRACT. In this note, we study the comparison theory for cocycles in von Neumann algebras. In particular, we investigate quasi-equivalent cocylces.
In [1] , Connes and Takesaki studied a comparison theory for cocycles with respect to a given continuous group action on a von Neumann algebra. This theory will give rise, via the Connes cocycle theorem [1, 3.1, 3.5] , to a corresponding comparison theory for weights on von Neumann algebras. Further, Muhly and the author in [2] proved that when a von Neumann algebra M is in stardard form, there is essentially a one-to-one correspondence between invariant subspaces of an analytic subalgebra of M which is determined by an action {at}teR and cocylces for {at}teR-In this note, we shall develop a comparison theory for cocycles in a von Neumann algebra, in particular, a finite von Neumann algebra, and apply it to a comparison theory for invariant subspaces in von Neumann algebras.
Let M be a von Neumann algebra and let G be a locally compact group. Since r G Ma, a{t)at{r)a{t)* = r. Let x G i(ar,6). Then x6(t) = ra{t)at{x) = a{t)at{r)a{t)* a(t)at{x) = a{t)at{r)at{a{l))at{x) = a{t)at{rx) = a{t)at{x).
Thus i(ar,6) c I{a,b) DrMb{l) = {0}. This implies that ar l0b.
Next we shall prove that ag ~ bP. To prove this, it is sufficient to prove that q ® en and p ® e22 have the same central support in M2. PROOF. Consider a maximal family {ti^}7ep of partial isometries of I{a,b) such that ii7u* are mutually orthogonal and u*u-y are mutually orthogonal. Put v -E~.gr ui-Then v is a partial isometry of I{a, b). Since q = o(l), suppose that q -vv* ^ 0. From the definition of q, as in the proof of Theorem 3, there exists a partial isometry vi in I{a,b) such that viv{ < q -vv*. Since M is a finite von Neumann algebra, it is clear that p = q = 6(1). Let T (resp.Tn) be the center valued trace of M (resp. Mb). Since 3{Mb) C 3(M), the restriction of T to Mb equals To. Hence we have We refer the reader to [2] for the definitions and notations about invariant subspaces. Let M be a von Neumann algebra acting on the noncommutative Lebesgue space L2{M) in the sense of Haagerup (see [6] ). Let {at}teR be a a-weakly continuous, one-parameter group of "-automorphisms {resp. E-,er®Lf-,Ho)-
